In this article, we compute all possible degrees of maps between S 3 -bundles over S 5 . It also provides a correction of an article by Lafont and Neofytidis [6] .
The main result
The set of mapping degrees has been studied by many authors, for both lower dimensional and higher dimensional manifolds, cf. [1, 2, 9] etc. Unlike the complicated situation for lower dimensional manifolds, homotopy theory seems to be a powerful tool in the higher dimensional case.
In this article, the main objects concerned are S 3 -bundles over S 5 . Recall that isomorphism classes of 4-dimensional vector bundles over S 5 are one-toone correspondence with elements in π 4 (SO(4)). Using the canonical diffeomorphism SO(4) ∼ = S 3 ×SO(3), we have π 4 (SO(4)) ∼ = π 4 (S 3 )⊕π 4 (SO(3)) ∼ = Z 2 ⊕Z 2 . Under this correspondence, denote the total spaces of those associated sphere bundles as
. Moreover, we have:
1. S 3 × S 5 , M 0,1 and SU (3) are not homotopy equivalent to each other.
Therefore, we only need to consider three objects: S 3 × S 5 , M 0,1 and SU (3). The main result is the following:
Remark 1. The motivation comes from the work of Lafont and Neofytidis [6] . They considered mapping degrees among principal SU (2)-bundles over S 5 . Note that SU (2) ∼ = S 3 . One aim of their article is to correct Pütmann's result of D(SU (3)) [8] . However, their result about D(SU Remark 2. In fact, any simply connected 8-manifold with homology isomorphic to that of S 3 × S 5 is homotopy equivalent to either S 3 × S 5 , M 0,1 or SU (3). It will be proved in a coming paper of the author. Therefore we actually obtained the set of mapping degrees among a larger class of manifolds.
The proof
We'll analysis the homotopy sets between these manifolds. First recall some basic results for homotopy groups of spheres. Let ι n ∈ π n (S n ) be represented by the identity map of S n , η 2 ∈ π 3 (S 2 ) and ν 4 ∈ π 7 (S 4 ) be represented by Hopf maps,
Lemma 2.1 ( [11, 12] ).
Next write down the cell structures.
Lemma 2.2 (cf. [4, 7] ).
Note that in this article, obvious inclusion maps are always omitted. In the following, for M ∈ {S 3 × S 5 , M 0,1 , SU (3)}, choose e (
Consider the Puppe sequence induced by the cofiber sequence S 
By the cell structure of SU (3), π 7 (SU (3)) = 0. Therefore, all elements in 
The bottom isomorphism follows easily by the Gysin sequence. Therefore h 5 :
With those generators suitably chosen, we may assume the sign is +. Hence
which means that the set of degrees is just all even numbers.
Consider the cofiber sequence S 7 [ι3,ι5]+a3η6
In the last step, note that [ι 3 , ι 5 ] = 0 in S 3 × S 5 . Since ka 3 η 6 = 0 if and only if k is even, the possible degrees kl are chosen from all even numbers.
The we have an exact sequence:
which equals to 0 if and only if k(l + 1) is even. Thus we can choose l = 1 and k arbitrary to make the mapping degree kl realize all integers.
The proof is the same as (3) except that S 3 × S 5 is changed to M 0,1 .
We have [SU (3),
consider the Puppe sequence induced by the cofiber sequence S 4 η3
It is clear that η * 4 is an isomorphism and η * 3 is surjective. Therefore [S 3 ∪ η3
consider the Puppe sequence induced by the cofiber sequence
We want to know that for which k, ξ * f k = f k ξ = 0. Notice that the suspension map Σ :
Therefore, Σ(f k ξ) = 0 if and only if k is even, which implies that the possible mapping degrees are all divisible by 4. Let p be the bundle projection SU (3) → S 5 , then p * : H 5 (SU (3)) → H 5 (S 5 ) is an isomorphism. Therefore, the degree of f k × p : SU (3) → S 3 × S 5 is 4k, and our result follows. It's not as straight as the other cases. We'll use the following observation. 
